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Laminar Boundary-Layer Separation
from an Upstream-Moving Wall

Demos T. Tsahalis*
Virginia Polytechnic Institute and State University, Blacksburg, Va.

The laminar boundary layer and separation for a steady outer inviscid flow over an upstream-moving wall are
studied numerically for the first time. This is achieved by numerically integrating the unsteady boundary-layer
equations for an impulsively started upstream-moving wall. An upwind differencing scheme permits the in-
tegration through the layer of reversed flow that covers the entire wall immediately after the impulsive start. The
numerical integration is allowed'to continue for large times until a steady-state solution is achieved. It is found
that the point of separation, as defined by Sears and Telionis, starts moving upstream and arrives asymptotically
at a station where all the properties of separation according to the model of Moore, Rott, and Sears are present.

I. Introduction

U NSTEADY viscous flows have been studied rather
extensively and all the characteristic features of unsteady

effects are now more or less familiar to fluid mechanicians.
Stewartson,l Stuart,2'3 and recently Telionis4 have concisely
reviewed the main ideas and important contributions on the
topic.

One of the characteristic features of such flows is the
phenomenon of separation. It should be mentioned that
separation is defined here as the phenomenon of large-scale
breaking away of fluid from the wall, which marks the
breakdown of the boundary-layer approximation and the
initiation of a wake. The location of actual separation has a
drastic effect on control forces generated by aerodynamic
surfaces and loads carried by aerodynamic structures and
regulates phenomena like the stall flutter of an airfoil or the
rotating stall of actual flow compressors.

It has long been recognized that PrandtPs classical
separation criterion of vanishing skin friction may lead to
erroneous results in cases other than two-dimensional flows
over fixed walls. Sears5 proposed a definition for separation
in unsteady flow, namely, "the appearance of a stagnation
point and a dividing flow trajectory between boundary layer
and wake fluids in the flow seen by an observer moving with
the separation point." For the case of steady flow over
moving walls, Moore,6 Rott,7 and Sears5 have suggested as
criterion for separation the condition: du/dy = Q at w = 0
instead of y = 0. Hereafter, this criterion, the point at which
this criterion is met and the corresponding profile will be
described by the abbreviation, "MRS". Finally, Sears and
Telionis8 have proposed a criterion for unsteady separation
based on the concept of Goldstein's9 singularity, which is
considered to be the most reliable means for the boundary
layer to signal the location of separation.

Sears5 and Moore and Hartunian6'10 have pointed out the
similarities between unsteady flow over fixed walls and steady
flow over moving walls. They demonstrated that steady
separating flow over a downstream-moving wall is a case of
unsteady flow with upstream-moving separation point, when
viewed by an observer moving with the wall, and vice versa
for an upstream-moving wall. Thus, elucidation of the
phenomena of the latter case, which is the subject of the
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present paper, is important for understanding of the related
unsteady case.

Vidal11 and Ludwig12 experimentally verified the MRS
separation criterion for steady flow over moving walls.
Telionis and Werle13 and Tsahalis and Telionis14 studied
numerically the problem of steady separating flow over a
downstream-moving wall. In these references, it was shown
that a separation singularity appears at the MRS point instead
of the point of zero skin friction. Williams and Johnson15'16

transformed certain classes of semisimilar unsteady flows
with upstream-moving separation to steady flows over a
downstream-moving wall and verified the MRS criterion for
separation, which was again found to be accompanied by a
separation singularity. Fansler and Danberg17 employed an
integral method and calculated nonsimilar steady two-
dimensional boundary-layer development over both up-
stream- and downstream-moving walls. They proposed a
criterion for separation based on the minimum value of the
shape factor and reported that a Goldstein-type singularity
was encountered at separation.

Truly unsteady boundary layers corresponding to im-
pulsive, transient, and oscillating flows, with upstream-
moving or stationary separation, have been studied by
Tsahalis and Telionis. 18~23 They demonstrated that the point
of zero wall shear is nonsingular in unsteady flows and that
breakdown of the boundary layer calculation occurs further
downstream signaled by a singular behavior of the bound-
ary layer solution. Then then interpreted this singular
breakdown of the boundary-layer solution as unsteady
separation, according to the theory of Sears and Telionis.8
They overcame the difficulty of integrating the boundary-
layer equations in the wrong direction, through regions of
reversed flow, by employing an upwind differencing scheme
that is unconditionally stable. 18»19>24

To the author's knowledge there is no theoretical treatment
valid near separation for steady flow over an upstream-
moving wall; a numerical solution of this problem has not
been achieved. The absence of a numerical solution is ob-
viously due to the inability of integrating the steady boun-
dary-layer equations through regions of noncirculating
reversed flow. In the present paper the laminar boundary
layer and separation of a steady flow over an upstream-
moving wall is studied numerically for the first time. This is
achieved by solving the unsteady boundary-layer equations
for an impulsively started upstream-moving wall. The
program is allowed to continue the numerical integration for
large times until a steady-state solution is achieved. An up-
wind differencing scheme19 is employed to integrate the
boundary-layer equations through the layer of reversed flow
which covers the entire wall for all times immediately after the
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impulsive start. Considering also the demonstrated strong
resemblance between the features of separation in the cases of
steady flow over moving walls and unsteady flow over fixed
walls,5'6'8'15'16 it is believed that the present numerical in-
vestigation also provides information about the features of a
downstream-moving unsteady separation.

II. Governing Equations
Let C/oo be the freestream velocity and L a typical length of

the problem. If £/«, and L are used to nondimensionalize
distances, time, and velocities, the unsteady boundary-layer
equations, for a steady outer flow, become

di4 dv

du du du dUe _ d2u

(1)

(2)

where 5 and N are the coordinates and u and v are the velocity
components along and perpendicular to the surface of the
body, respectively, t is the time, U e ( s ) is the outer flow
velocity and uw (s,t) is the velocity of the wall. The coordinate
N and the velocity component v have been stretched with the
square root of the Reynolds number, Re= U^L/v, where v is
the kinematic viscosity of the fluid. The appropriate boun-
dary and initial conditions are

and

u(s,0,t)=uw(s,t),v(s,0,t)=0

asN-oo

u(s,N,0)=Uf(s,N)

v(s,N,0)=vr(s,N)

(3)

(4)

(5)

(6)

respectively. In the present problem, the wall is started im-
pulsively moving-upstream from rest, with a velocity uw ( s ) .

A modification of Go'rtler's25 transformation is now in-
troduced with new independent variables

= Ue(s)ds
JO

and new dependent variables

F=u/Ue

Ue Ue ds

(7)

(8)

(9)

(10)

for the velocity components in the £ and rj directions,
respectively.

In terms of the new dependent and independent variables,
the continuity and momentum equations (1) and (2) become

dF dV
(11)

9f __flF ..dF . ._,_ <£F

where & is the pressure gradient function given by

Ue
(13)

The boundary and initial conditions in terms of the new
variables are

F(l,ii,t)-*l as rj^

and

(14)

(15)

(16)

(17)

III. Impulsively Started Motion of the Wall
In the present problem, the outer flow distribution was

chosen to be the linearly decelerated distribution considered
byHowarth26

Ue (s) = l-As, A=0.12 08)

At time ? = 0, the wall is started impulsively moving upstream
from rest, with a velocity distribution given by

uw(s) = - AOO (19)

The impulsively started motion of the wall generates vortex
sheets that cover the entire wall and subsequently diffuse into
the flow. Figure 1 schematically depicts this situation.

If uH(s,N) and vH(s,N) correspond to the steady-state
solution with an outer flow given by Eq. (18) and a fixed wall,
then at t = 0 + the flow field is given by

u(s,N,0+) =uH(s,N) forJV>0

u(s,0,0+) = -ACs

v(s,N,0+)=vH(s,N)

(20)

(21)

(22)

The flow field given by Eqs. (20)-(22) is considered as the
initial condition of the unsteady problem.

For t<0 the steady-state solution, uH(s,N),vH(s,N), can
be obtained by a steady-state scheme of integration and
checked with Ref. 26. For this case, the point of separation is
unambiguously defined as the point of zero wall shear.
Howarth's26 calculations have shown that the distance to
separation is given by 5^—0.12/^4. In the present problem,
S^= 1.0 since A =0.12. For t— oo, the flow field corresponds
to a steady-state solution with the same outer flow
distribution and an upstream-moving wall with velocity
distribution given by Eq. (19). Since separation in laminar
flows is hastened when the wall is moving upstream, the
corresponding separation point SMRS is expected to be located
upstream of S ;̂ that is SMRS <S^. The distribution of the

Ue(s)

u(s,N,0)

Fig. 1 Schematic of the impulsive start of the wall. The dotted lines
denote the expected change for f > 0 due to vorticity diffusion.
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Fig. 2 Schematic sketch of the streamline pattern and boundary-
layer velocity profiles near separation for an upstream-moving wall.
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Fig. 3 The wall shear function at s = 0.4 plotted against time for A C
= 0.18.

wall velocity adopted in the present problem has the ad-
vantage of introducing mildly the motion of wall and
generating vortex sheets of decreasing strength as s-+0 for t=
0 + , thus eliminating possible numerical instabilities during
integration in the neighborhood of s = 0 and small times.

The numerical analysis encounters a difficulty for small
times and very close to the wall. This difficulty is due to the
inability of the numerical scheme to reproduce a vortex sheet.
An approximate analytic solution was therefore derived and
incorporated in the computer program to help start the in-
tegration. It is known that for impulsive changes and for very
small times the convection terms of the momentum equation
are much smaller than the unsteady and viscous terms.
Therefore, the problem in the nondimensional form can be
approximated with

(23)

(24)

(25)

(26)

(27)

where erfc is the complementary error function. The quan-
tities uH(s,N), vH(s,N) corresponding to the steady-state
solution were first calculated and stored. Then, uH(s,N) was
replaced by Uj(stNft) evaluated at a very small time and the
unsteady computer program was left to continue the in-
tegration.

IV. The Numerical Integration
Writing the time derivative in a difference form as

ui(s,N,0)=uH(stN)

Ui(s,N,t)-~Ue(s) as AT— oo

The solution to the above problem is

=uH(s,N) -.

dF/dt= (28)

and using the notation F° =F(s,f),t-kt) the unsteady
momentum equation, Equation (12), can be written as

Fig. 4 Velocity profile, at
5 = 0.495 and f = 8.0, in the
neighborhood of the MRS
station for /1C = 0.18. The
actual separation point is
located between s = 0.495
and s = 0.500.

-10.0

8.0

-6.0

-4.0

(29)

Equation (29) has now the form of the steady-state
momentum equation. Considering that the continuity
equation (11) has the same form in either steady or unsteady
flow, Eqs. (11) and (29) were solved numerically by a
subroutine for steady flow developed by Werle and Davis.27

In the layer of reversed flow that covers the entire wall, the
negative sign of the u velocity component reverses the proper
direction of integration because of the nonlinearity of the
momentum equation. Integration through this region of
reversed flow was achieved by employing an upwind dif-
ferencing scheme.19 According to this scheme the £ derivative
at the kih station in the £ direction is replaced by

dF\
(30)

o.o 0.4 0.8

The flow field w//(s,AO, vH(s,N) with an outer flow
distribution given by Eq. (18) and fixed wall was first
calculated. Then uH(s,N) was replaced by Ui(s,N,t)
evaluated at a small time t0 and the flow field M ; (
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Fig. 5 Detail of the
velocity profile of Fig. 4
near the wall.
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Fig. 6 The wall shear function vs the distance s for steady flow over
fixed or upstream-moving wall.

vH(s,N) was stored to provide the initial conditions for in-
tegration with respect to time. Time was then incremented to
t0 + &t and the (£,TJ) plane was swept again in the down-
stream direction using the data stored at t=t0 to form
derivatives according to Eqs. (28) and (30). The new data at
time t = t0 + Af replaced those at time t= t0 in the storage; time
was then incremented again to t=t0 + 2At and this process
was repeated for all subsequent time steps.

V. Results and Discussion
It was shown in Refs. 13, 14, 18, and 19, that in unsteady

flow or steady flow over a downstream-moving wall the point
of zero skin friction is not singular. Furthermore, it was
demonstrated in these references that all the typical features
of a Goldstein9 singularity, that is, blowing up of quantities
like d2u/dNds, v, 6*, etc. with the inverse square root of the
distance in the upstream direction from separation, appear at
a point which Sears and Telionis8 define as separation. The
appearance of the Goldstein singularity has also been used in
the present problem to define separation, according to the
theory of Ref. 8.

At this point some comments are necessary concerning the
MRS profile near separation in the case of an upstream-
moving wall (see Fig. 2). It has been pointed out in Ref. 17
that for constant wall velocity as well as the wall velocity
distribution considered in the present problem and adverse
pressure gradient, the velocity profile curvature at the wall
must be positive, a condition obviously not satisfied by the
MRS profile. This correction, though, can be easily in-
troduced into the MRS profile without altering its basic
features or changing the associated streamline configuration.

In Fig. 2 the proposed correction to the MRS profile, that
meets the above compatibility condition, is shown with a
broken line. It has also been argued in Ref. 17 that, since the
MRS point is an inflection point, that is, d2u/dN2 = Q, and
also w = dw/dN=0, the momentum equation is unbalanced at
the MRS point for a nonzero pressure gradient. Therefore the
MRS criterion cannot be applied in this case. This argument,
however, is based on the assumption that the boundary-layer
approximation is valid up to the separation point, a fact that
is not true. Indeed, as the neighborhood of separation is
approached, the boundary-layer approximation breaks down
gradually and the term d2u/ds2, neglected during the for-
mulation of the boundary-layer equation, becomes important
and balances the pressure gradient term in the momentum
equation. Furthermore, it is the omission of the term 32u/ds2

that makes the boundary-layer equations exhibit the well-
established singular behavior near separation. In the light of
the above comments, it is argued that the MRS criterion is
valid for the case of an upstream-moving wall and that
solutions of the boundary-layer equations can only ap-
proximate the MRS separation criterion as close as possible.

It has been pointed out in the introduction that the
numerical integration was allowed to continue for large times
until a steady-state solution was obtained. This fact can be
detected by examining the variation of the wall shear at a
fixed station. In Fig. 3, the quantity dF/drj\w at 5 = 0.4 and
>1C=0.18, is plotted vs time. Immediately after the impulsive
start dF/dy I w becomes infinite because of the generated
vortex sheet. Then for small times dF/dy I w starts decreasing
at a very large rate, characteristic of the diffusion of con-
centrated vorticity, and the typical features of the erfc func-
tion are still present. For times larger than 1, dF/dy \w
decreases at a smaller rate and finally, for f>4.0, it tends
asympotically to a constant value.

The location of the singularity, which for 7 = 0 coincides
with the separation point S^ over fixed wall, appeared to be
stationary for small times. For larger times, it started
traveling upstream and finally arrived asymptotically at a
fixed location. This traveling singularity was interpreted as
unsteady separation, and its fixed location for f-* oo was
interpreted as the separation point 5MRS for steady flow over
an upstream-moving wall. The properties of the steady flow
field, obtained for /^oo, that correspond to a steady flow
over an an upstream-moving wall are discussed below.

In Fig. 4 the velocity profile F(r?), for ̂ C = 0.18, has been
plotted near the separation point SMRS. A detail of the same
profile near the wall has been plotted in Fig. 5. It is clear that
this velocity profile has just the shape of the corrected MRS
velocity profile and closely approximates the MRS separation

Fig. 7 The vertical velocity component v at v\ = 0.4778 vs the distance
s for steady flow over fixed or upstream-moving wall.
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Fig. 8 The displacement thickness 6* vs the distance s for steady flow
over fixed or upstream-moving wall.

In conclusion, the present results have demonstrated that
the MRS separation criterion, for the case of a steady flow
over an upstream-moving wall, is valid and separation
coincides in the boundary-layer model with a Goldstein-type
singularity. Considering also the demonstrated strong
resemblance between the features of separation in steady flow
over a moving wall and unsteady flow over fixed walls, it is
believed that the present results provide support to the
theoretical model of Ref. 8 for the case of a downstream-
moving unsteady separation.
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Fig. 9 The location of the MRS separation point for different wall
velocities.

criterion (notice the flattening of the velocity profile in the
neighborhood of F~Q).

In Fig. 6, the wall shear 8F/drj\w has been plotted vs the
distance 5 for different AC's. Notice the steepening of the
slope d(3F/dri\w)/ds, which finally becomes infinite as the
point of separation is approached, indicative of singular
behavior.

In Fig. 7, the normal velocity component v, at a fixed
distance from the wall, has been plotted as a function of the
distance s for different values of AC. Notice the singular
behavior (blowing up) of t; near the point of separation, which
is in qualitative agreement with the experimental results of
Ludwig12 who concluded that, "Indeed, the only reliable
experimental indication of separated flow when the wall is
moving upstream appears to be the behavior of the vertical
velocity component in the boundary layer."

In Fig. 8 the displacement thickness 6* is shown plotted
versus the distance s for different AC's. Notice again the
abrupt increase of 6* as the separation point is approached.

From Fig. 6-8, it is deduced that the MRS station, which is
achieved asymptotically as shown in Fig. 4, coincides in the
boundary-layer model with a Goldstein-type singularity. This
station was shown experimentally12 to represent separation.

In Fig. 9, the location of the point of separation has been
plotted for different values of AC.

VI. Conclusions
The laminar boundary layer and separation for a steady

outer inviscid flow over an upstream-moving wall have been
studied numerically. It has been demonstrated that a Gold-
stein-type singularity appears again as in the case of steady
flow over fixed or downstream-moving walls. The present
results strongly suggest that the station, where the Goldstein
singularity appears, coincides with the station of separation
for upstream-moving walls, in agreement with the ex-
perimental results of Refs. 11 and 12. It has also been shown
that the MRS criterion is approximately met at this station.
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Spacecraft charging by magnetospheric plasma is a recently identified space hazard that can virtually destroy a spacecraft in
Earth orbit or a space probe in extra terrestrial flight by leading to sudden high-current electrical discharges during flight.
The most prominent physical consequences of such pulse discharges are electromagnetic induction currents in various on-
board circuit elements and resulting malfunctions of some of them; other consequences include actual material degradation
of components, reducing their effectiveness or making them inoperative.

The problem of eliminating this type of hazard has prompted the development of a specialized field of research into the
possible interactions between a spacecraft and the charged planetary and interplanetary mediums through which its path
takes it. Involved are the physics of the ionized space medium, the processes that lead to potential build-up on the
spacecraft, the various mechanisms of charge leakage that work to reduce the build-up, and some complex electronic
mechanisms in conductors and insulators, and particularly at surfaces exposed to vacuum and to radiation.

As a result, the research that started several years ago with the immediate engineering goal of eliminating arcing
caused by flight through the charged plasma around Earth has led to a much deeper study of the physics of the planetary
plasma, the nature of electromagnetic interaction, and the electronic processes in currents flowing through various solid
media. The results of this research have a bearing, therefore, on diverse fields of physics and astrophysics, as well as on the
engineering design of spacecraft.
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